In this paper we develop spline based F -transforms by considering fuzzy partitions given by polynomial splines. We investigate approximation properties of spline based F (m) -transforms and prove that using generalized fuzzy m-partition, which consists of basic functions of bandwidth m, allows us to approximate not only original function, but also its derivatives.
Introduction
The direct and inverse fuzzy transforms (Ftransforms) have been introduced by I. Perfilieva [6] . Theory and applications of F -transforms in image processing, data analysis and time series analysis have been actively developed during last years (see e.g. [3] , [4] , [5] , [7] , [9] , [11] ). The technique of Ftransforms has been generalized in many directions: discrete F -transforms, higher order F -transforms [8] , [10] , F -transforms with respect to a generalized fuzzy m-partition (F (m) -transforms) [12] . For each type of fuzzy transforms approximation properties have been investigated.
Spline based F -transforms have been considered by B. Bede and J.R. Rudas [1] in the case when a fuzzy partition is given by means of B-splines. In the framework of the classical approximation theory they obtained new error estimations for such type of fuzzy transforms. The aim of our paper is to suggest an alternative approach and to introduce a new type of spline based fuzzy partitions. Our main attention is paid to generalized fuzzy mpartitions of bandwidth m defined by using polynomial splines of degree m. We prove that polynomial spline based inverse F (m) -transform with respect to generalized fuzzy m-partitions approximates not only the original function f itself, but also its derivatives f , f , ..., f m−1 .
Let us note that I. Perfilieva and V. Kreinovich in their paper [10] proved good approximation properties considering approximation of derivatives in the case of higher order fuzzy transforms.
Preliminary
We briefly recall the basic definitions of the Ftransform and related notions introduced by I. Perfilieva [6] . Definition 1. Let x 1 < x 2 < . . . < x n be fixed nodes within [a, b] , such that x 1 = a, x n = b and n ≥ 2. We say that fuzzy sets A 1 , A 2 , . . . , A n , identified with their membership functions (basic functions) defined on [a, b] , form fuzzy partition of [a, b] if they fulfill the following conditions for k = 1, 2, . . . , n :
where for the uniformity of denotion, we put x 0 = a and
In the case of equidistant nodes x 1 , x 2 , . . . , x n two additional properties of basic functions A k for k = 2, . . . , n fulfil:
where h = (b − a)/(n − 1). 
Definition 2. Let
is the F −transform of f with respect to A 1 , A 2 , . . . , A n . 
If fuzzy partition
Then the function
Spline based F-transforms
Our paper deals with spline based fuzzy transforms using fuzzy partitions described by polynomial splines.
We consider the case of equidistant nodes
and use the notation
where h = (b − a)/(n − 1). To introduce basic functions by using polynomial splines of degree m ≥ 1 we consider additional equidistant nodes by dividing each interval [x k−1 , x k ], k = 2, . . . , n, into m subintervals. Let us denote obtained partition
where N = m(n − 1) + 1 and for all k = 1, . . . , n − 1
and describe the space S m,1 (∆ N (a, b)) of polynomial splines of degree m and defect 1 with respect to ∆ N (a, b) (see e.g. [2] , [13] ).
We say that a function S : [a, b] → R is a spline of degree m ≥ 1 and defect 1 with respect to ∆ N (a, b) (i.e. S ∈ S m,1 (∆ N (a, b))) if it fulfils the following conditions:
It is known that S ∈ S m,1 (∆ N (a, b)) if and only if there exist coefficients α 0 , α 1 , . . . , α m , β 2 , . . . , β N −1 ∈ R such that
Proposition 5. Let ∆ m+1 (0, h) = {τ 1 , ..., τ m+1 } be the uniform partition of interval [0, h] for a given integer m ≥ 1 and positive h ∈ R. There exists the unique spline S m ∈ S m,1 (∆ m+1 (0, h)) such that:
Proof. To find spline S m ∈ S m,1 (∆ m+1 (0, h)), which fulfils conditions 1)-5), we use general representation formula
taking into account that α j = 0 for j = 0, 1, ..., m−1 and α m = β 1 . Condition 3) gives us the system of linear equations, whose determinant
does not equal to 0. This means that there exists the unique spline S m ∈ S m,1 (∆ m+1 (0, h)), which fulfils conditions 1)-3). To prove the monotonicity of this spline (condition 4) ) we find a new representation for S m :
, which support equals to [0, h] and which is normed by the equality
implies the monotonicity of S m . To complete the proof it remains to verify condition 5). Taking into account that the equality S m (t) + S m (h − t) = 1 is true for t = 0 and t = h, we need to prove that the sum
It follows from the fact that
for all t ∈ [0, h]. Now by using spline S m ∈ S m,1 (∆ m+1 (0, h)) from Proposition 5 we introduce spline based fuzzy partition
m ≥ 1, applying the formula:
For the uniformity of denotation we put x 0 = a − h,
The first degree splines (m = 1) describe triangular shaped basic functions. Next we give the second degree (quadratic) and the third degree (cubic) splines obtained as uniform fuzzy partition basic functions: Let the uniform fuzzy partition of [a, b] be given by splines
An example of the inverse F -transform with respect to cubic spline based universe fuzzy partition is given by Fig.2 . Figure 2 : Test function f (x) = sin(xπ/9) and its inverse F -transform with respect to cubic spline based uniform fuzzy partition, n=15.
In numerical experiments it became clear that by using generalized fuzzy m-partitions we can significantly reduce the oscillation of the inverse transformation. One can easy compare Fig. 2 with Fig. 4 from the next Section.
Spline based F (m) -transforms with respect to generalized fuzzy m-partition
Each basic function A k of a fuzzy partition A 1 , A 2 , ..., A n over ∆ n (a, b) has been considered to be zero outside the union of two adjacent subinter- [12] generalized the concept of a fuzzy partition by taking basic functions which support covers more than two consecutive subintervals. For generalized basic function A (m) k , m ≥ 1, he considered 2m + 1 consecutive points (and consequently 2m subintervals) of ∆ n (a, b): x k−m , ..., x k , ..., x k+m . For the correct notation we extend the partition ∆ n (a, b) by taking additional points:
In the case of uniform partition with h = b−a n−1 the additional points are: 0, n+1, n+2, . .., n+2m−1.
Let us denote this extension by ∆ n,m (a, b). For 
It is known that in the case of uniform fuzzy mpartition for each k = −m + 2, . . . , n + m − 1
We introduce basic functions of bandwidth m by using polynomial splines from S m,1 (∆ n+4m−2 (a m , b m )).
Transformation from spline based fuzzy partition to spline based fuzzy m-partition can be realized according to the following scheme. By using spline S m ∈ S m,1 (∆ m+1 (0, h)) from Proposition 5 we obtain spline S (m) ∈ S m,1 (∆ m+1 (0, mh)) :
and apply it to define
as follows:
We give the formulas obtained for spline based generalized fuzzy m-partition, when m = 2, 3:
0, otherwise, k = 0, 1, . . . , n + 1;
0, otherwise, k = −1, 0, , . . . , n + 2. 
An example of the inverse F (m) -transform with Figure 4 : Test function f (x) = sin(xπ/9) and its inverse F (3) -transform with respect to cubic spline based uniform fuzzy 3-partition, n=15. respect to spline based universe fuzzy partition is given by Fig. 4 . Numerical experiments show, that F (m) -transforms can be effectively used to approximate derivatives of an original function (see Fig. 5 and Fig. 6 ). 
Approximation properties of F (m) -transforms
In order to obtain the error estimation for the inverse F (m) -transform we need the definition of the modulus of continuity.
Definition 7. Let f be a function from C([a, b])
and δ be a positive number. Then ω(δ, f ) given by F,n be its inverse F (m) -transform with respect to the spline based uniform generalized fuzzy m-partition S
Proof. We start with the proof of the inequality
for each k = −m + 2, . . . , n + m − 1 and for each
).
Therefore
Remark 9. Let us note that the proof of the previous theorem does not use the special form of basic functions. It means that this result is true for any uniform generalized fuzzy m-partition.
The following theorems will show derivative approximation error bounds in the case of quadratic and cubic spline based fuzzy m-partition, when m = 2 and m = 3.
Theorem 10. Let f be a function from C 1 ([a 2 , b 2 ]) (i.e. continuously differentiable on interval [a 2 , b 2 ]) and f (2) F,n be its inverse F (2) -transform with respect to the second degree spline based uniform generalized
Then for all x ∈ [a, b] holds
where ω(4h, f ) is the modulus of continuity of f on [a 2 , b 2 ] according to 4h.
Proof. By differentiating the formula
we obtain that the derivative (f
is the first degree spline with values (f
By inserting the values (S
and express F (2) k+1 and F (2) k−1 by using S
k :
x k+3
k+1 (x)dx = = 1 2h
x k+2
k+1 (x + h)dx = = 1 2h
x k−2
x k+1
We rewrite formula for (f
and by using the first mean value theorem we obtain that there exists a point
1 2h
Taking into account that according to Lagrange's theorem there exists a point
we obtain that
From the fact that function (f
Now we are ready to compare values (f (2) F,n ) (x) and f (x) at arbitrary point x from the interval [x k−1 , x k ]: 
where ω(6h, f ) is the modulus of continuity of f on [a 3 , b 3 ] according to 6h.
with values (f
k+2 by using S x k+1
1 3h
x k+4
x k+5
k+2 (x)dx = = 1 3h
k+2 (x + 2h)dx = = 1 3h
We rewrite the formula for (f
The obtained result is modified by using Newton-Leibniz formula and the first mean value theorem:
Taking into account that according to Lagrange's theorem there exists a point µ k ∈ [ζ k , ζ k + 3h] such that 
Now we are ready to compare values (f
F,n ) (x) and f (x) at arbitrary point x ∈ [x k−1 , x k ]:
= ω(6h, f ).
Conclusions
In this paper a new type of fuzzy partitions based on polynomial splines are considered. The main attention is paid to approximation properties of F (m)transforms defined with respect to spline based generalized fuzzy m-partition. We prove the error bounds for approximation of an original function and its derivatives in the context of the classical approximation theory. The obtained results allow us to propose the hypothesis that for a given function f from At the present moment this error bound is proved for m = 1, 2, 3. Our future work will be devoted to the proving of the general case.
